Rotor resonances of high-speed permanent-magnet brushless machines by Ede, J.D. et al.
1542 IEEE TRANSACTIONS ON INDUSTRY APPLICATIONS, VOL. 38, NO. 6, NOVEMBER/DECEMBER 2002
Rotor Resonances of High-Speed Permanent-Magnet
Brushless Machines
Jason D. Ede, Z. Q. Zhu, Senior Member, IEEE, and David Howe
Abstract—For high-speed machines, in particular, it is very im-
portant to accurately predict natural frequencies of the rotor at the
design stage so as to minimize the likelihood of failure. Finite-ele-
ment analysis and experimental measurements are used to estab-
lish the natural frequencies and modes of the rotor of a high-speed
permanent-magnet brushless motor, and to assess the influence of
leading design parameters, such as the active length, the shaft di-
ameter and extension, the bearings, and the material properties.
Index Terms—Brushless motor, high speed, mechanical reso-
nance, permanent-magnet machine, vibration.
I. INTRODUCTION
PERMANENT-MAGNET brushless motors having ro-tational speeds of around 100 kr/min are emerging as
a key technology, due to their high efficiency, high power
density, and low weight [1]–[5]. They are being employed in
applications such as compressors, centrifuges, and vacuum
pumps, and a variety of different issues have been investigated.
In [1], Takahashi et al. constructed and tested a 5-kW motor
operating at 150 000 r/min using a sensorless commutation
strategy. A different sensorless strategy was applied in [2],
where a motor and control strategy were employed to facilitate
operation at speeds up to 60 000 r/min. In [3], the influence of
the rotor to stator diameter on a two-pole brushless dc motor
operating at 20 000 r/min was investigated. However, in all
of these papers, the effect of rotor resonances has been either
neglected or not mentioned. In [4], the rotor resonance is taken
into account, but only with regard to the whirl speed of the rotor
as much as it affects the air journal bearings which were used.
Similarly, high-speed permanent-magnet brushless generators
are being employed in applications such as gas-turbine-driven
generators (CHP) and electric/hybrid vehicle traction systems
[5]. However, due to their high fundamental frequency, careful
consideration needs to be given to both electromagnetic and
mechanical design issues.
Accurate prediction of the natural frequencies and modes of
the rotor at the design stage is clearly critical, since an inappro-
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Fig. 1. Catastrophic failure of rotor due to resonance.
priate rotor design may lead to excessive acoustic noise emis-
sions, excessive bearing loss, and even catastrophic failure. By
way of example, Fig. 1 shows one of our early prototype motors,
which exhibited a rotor resonance at 100 000 r/min, causing
the rotor shaft to bend and consequently damage the end-caps
and bearings.
However, apart from a few notable textbooks [6], [7] and pa-
pers on issues related to rotor resonances, e.g., behavior of lam-
inated stacks [8]–[10] and unsymmetrical shafts [11], little sys-
tematic work has been carried out on this aspect in recent years.
This paper describes the finite-element analysis (FEA) of the
rotor of a permanent magnet brushless dc motor having a rated
speed and power of 120 000 r/min and 1.25 kW, respectively,
and investigates the influence of design parameters, such as
the axial length, the shaft length and diameter, on the natural
frequencies. FEA predictions, using the ANSYS FE package,
are validated extensively by measurements from impulse force
response tests, using a modal impulse force hammer, an ac-
celerometer, and a dynamic signal analyzer, HP 35660A. While
the addition of a stator will affect the resonance modes, due to
the interaction of the rotor permanent magnets with the stator,
this is neglected in order to simplify the study. However, this will
not affect the general observations. The main focus in this paper
is on the resonant modes that will be excited during normal op-
eration. Primarily, this includes all modes below the operating
speed of the motor (2 kHz), but it is appreciated that the com-
mutation strategy may excite resonance modes above 2 kHz, al-
though that is not considered within this paper. The paper also
considers the influence of the bearings and various design pa-
rameters on the motor performance.
II. INFLUENCE OF ROTOR DESIGN
The rotor, shown in Fig. 2, consists of a steel shaft with an in-
tegral end-cap at one end, and the other end-cap being pinned in
place after the laminations have been inserted on the shaft. The
permanent magnets are bonded to the laminations with a high-
strength adhesive, and contained within a carbon-fiber/ epoxy
0093-9994/02$17.00 © 2002 IEEE
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Fig. 2. Schematic of rotor.
TABLE I
NATURAL FREQUENCIES FOR CIRCULAR SHAFT
over-wrap. The rotor shaft was machined from AISI 303, a non-
magnetic stainless steel. The properties of the various materials
are given in the Appendix.
Initially, a circular steel shaft, machined from AISI 303, was
considered. It had a diameter of 7.9 mm and an axial length
of 106 mm. The shaft natural frequencies may be calculated
analytically from [6]
(1)
where , , , and are the Young’s modulus, inertia, mass
per unit length, and length of the shaft, respectively, and is
a numerical constant calculated by the Rayleigh method, which
is dependent on the problem boundaries. From [6], the values
of for the first three free bending modes are: ,
, and . Table I compares the FE and analytically
calculated natural frequencies, with measurements, while Fig. 3
shows the vibration mode shapes. As can be seen, the predicted
values agree well with the measurements.
The rotor shaft with an integral end-cap, as shown in Fig. 4,
was then considered. As can be seen, a flat surface was ma-
chined on to each side of the shaft in order to locate the lamina-
tions since a keyway would lead to an undesirable imbalance.
Although this was not included in the FE model, it can lead to
dual peaks at the vibration modes, which can show up on the
measured vibration frequency spectrum, [11].
FE predictions of the natural frequencies agree well with the
measured values, as can be seen from the frequency spectrum
of Fig. 5 and Table II. It will be noted that the rotational vibra-
tion mode was not excited by the measurement, and that natural
frequencies for the rotor shaft are slightly higher than for the
simple circular shaft due to the larger diameter and, hence, in-
creased stiffness, of the active section. This increase would have
been greater without the end-cap, which increases the mass and
thereby reduces the natural frequency.
The silicon iron rotor laminations are held under compressive
force by a second end-cap, as seen in Fig. 6. The effective prop-
Fig. 3. Vibration modes for a steel bar.
Fig. 4. Rotor shaft/end-cap.
Fig. 5. Frequency spectrum for rotor shaft/end-cap.
erties of such lamination stacks have been characterized pre-
viously by the authors in [8], while [9] reported that the axial
component of Young’s modulus for laminated cores can be as
low as 0.25% of the value for the solid material, and depends on
the clamping pressure. Since it is difficult to determine effec-
tive properties of a particular lamination stack, material proper-
ties which were used on the three–dimensional (3-D) FEA were
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TABLE II
NATURAL FREQUENCIES OF ROTOR SHAFT/END-CAP
Fig. 6. Rotor shaft, laminations, and end-caps.
Fig. 7. Frequency spectrum for shaft with laminations and end-cap.
TABLE III
NATURAL FREQUENCIES OF ROTOR SHAFT WITH LAMINATIONS AND END-CAPS
varied until predicted frequency response of the rotor compared
well with the measured response.
The deduced material properties for the rotor laminations are
given in the Appendix, while the measured natural frequency
spectrum is shown in Fig. 7. Table III compares FE predicted
natural frequencies with measured values. As can be seen, the
natural frequencies are significantly lower than those shown in
Table I, largely due to the addition of the second end-cap, which
adds to the mass of the rotor without contributing to the axial
stiffness. The laminations also serve to reduce the natural fre-
quency, as they increase the mass and make little contribution
to the axial stiffness.
The addition of the sintered NdFeB magnets which have a
comparatively high Young’s modulus significantly increases the
axial stiffness of the rotor, and thereby causes the natural fre-
Fig. 8. Frequency spectrum for rotor shaft with laminations, end-caps, and
magnets.
TABLE IV
NATURAL FREQUENCIES OF ROTOR SHAFT WITH LAMINATIONS,
END-CAPS, AND MAGNETS
Fig. 9. Frequency spectrum of assembled rotor.
quencies to increase. The vibration frequency spectrum and the
comparison of the measured and FE predicted natural frequen-
cies are shown in Fig. 8 and Table IV, respectively.
The addition of the 2-mm-thick carbon-fiber containment,
had little effect on the natural frequencies, since it is a relatively
lightweight material. The stiffness of the carbon-fiber contain-
ment in the axial direction is very low, while its Young’s mod-
ulus in the circumferential direction is comparable to that for
mild steel. The vibration frequency spectrum for the fully as-
sembled rotor is shown in Fig. 9, while Table V compares pre-
dicted and measured natural frequencies from those predicted
by FEA. The corresponding rotor vibrational modes are shown
in Fig. 10.
In summary, the rotor natural frequencies can be accurately
predicted by FEA, while various rotor components have sig-
nificant influence on the natural frequencies and modes of the
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TABLE V
NATURAL FREQUENCIES OF ASSEMBLED ROTOR
Fig. 10. Vibration modes for completed rotor.
rotor. It has also been shown that the addition of the laminations,
end-caps, and the carbon-fiber over-wrap decreases the natural
frequencies of the rotor as they contribute mass to the shaft, but
very little axial stiffness, while the addition of the magnets in-
creases the axial stiffness of the rotor shaft and, hence, increases
the natural frequencies significantly.
III. INFLUENCE OF BEARINGS
The mounting of the rotor in bearings not only changes the vi-
bration modes slightly, but also introduces two new vibrational
modes, i.e., the cylindrical and conical modes. A detailed de-
scription of these modes is given in [7]. For a “rigid” rotor the
frequency of the cylindrical mode is where
is the bearing stiffness, or spring constant, and is the rotor
mass, and this can often lie within the operating speed range.
Fig. 11. FE model of rotor with bearings.
Fig. 12. Rotor and bearings, and assembled motor.
Fig. 13. Frequency spectrum for assembled motor and likely origin of
resonances.
However, in practice, the rotor is flexible, which necessitates
FEA to accurately model the rotor and bearings. Ceramic ball
bearings specially designed for high-speed operation were em-
ployed in the motor under consideration.
In the FEA, the bearings were modeled as springs, four
springs being used for each bearing to ensure that the rotor
shaft is supported evenly, as can be seen in the FE mesh shown
in Fig. 11, the actual rotor and bearing system together with the
assembled motor being shown in Fig. 12.
The natural frequencies of the frame were determined exper-
imentally, but are not shown due to space limitations. The mea-
sured vibration spectrum of the rotor when mounted in its bear-
ings in the assembled motor is shown in Fig. 13, together with
the probable origin of each of the natural frequencies.
The bearing stiffness was determined by varying the bearing
stiffness in the FE model until the curves shown in Fig. 14,
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Fig. 14. Derivation of bearing stiffness.
TABLE VI
NATURAL FREQUENCIES FOR ROTOR
Fig. 15. Effect of shaft extension on natural frequencies.
were obtained. The bearing stiffness which was deduced to be
2.5 10 N/m, which compares with a nominal stiffness of 5
10 N/m for ceramic ball bearings.
As can be seen from Table VI, the measured and predicted
natural frequencies of the rotor compare well, the difference
being caused by the influence of the motor frame and the
pre-load on the bearings.
IV. INFLUENCE OF DESIGN PARAMETERS
The axial length of the shaft can have a significant effect on
the rotor natural frequencies, as shown in Fig. 15, in which the
solid line corresponds to the rotor which was described earlier
and had a 42-mm shaft extension, and the dotted line which
corresponds to another rotor with a 15-mm shaft extension, and
by comparing Fig. 16 with Fig. 9 and Table VII with Table V.
By shortening the shaft, the frequency of the first vibration mode
increases from 3 to almost 10 kHz.
Fig. 16. Frequency spectrum for rotor with 15-mm shaft extension.
TABLE VII
NATURAL FREQUENCIES OF ROTOR WITH 15-MM EXTENSION
Fig. 17. Rotor with shaft extension.
Fig. 18. Variation of frequency of first bending mode with shaft extension.
The shaft extension can be viewed as a clamped beam, as
shown in Fig. 17, the natural frequencies which are again given
by (1), in which is now given as 3.52 [6] for the first bending
mode. Fig. 18 compares the analytically calculated and FE-cal-
culated frequency of the first bending mode. When the shaft ex-
tension is reduced below 15 mm, this vibration mode is domi-
nated by flexing of the active section of the rotor, which effec-
tively imposes an upper limit on the natural frequency which
results from reducing the shaft extension.
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Fig. 19. Effect of shaft extension on natural frequencies (with bearings).
Fig. 20. Reduction in active length.
Fig. 21. Variation of natural frequencies with active length with bearings.
By incorporating the bearings into the model, the influence of
the shaft extension on the bearing modes can be further inves-
tigated. It can be seen from Fig. 19 that, although the shaft
length significantly affects the bending modes, the effect on the
cylindrical and conical bearing modes is minimal. The bending
modes follow the same pattern as shown previously in Fig. 15,
with solid and dotted lines corresponding to 42- and 15-mm
shaft extensions, respectively.
In the remaining analyses, the shaft extension was maintained
at 15 mm in order to prevent it dominating the vibration mode
shapes. The axial length of the active section of the rotor was
then reduced as shown in Fig. 20. This makes the shaft lighter
and, at the same time, reduces the stiffness of the central section
of the rotor.
Fig. 21 shows the resulting variation of the natural frequen-
cies of the bearing modes and the first two bending modes. The
natural frequency of the bearing modes gradually increases as
the rotor mass is reduced, as expected.
The frequency of the first bending mode reduces slightly as
the active length of the rotor is reduced and the rotor becomes
more flexible. As regards the second bending mode, as the active
Fig. 22. Variation of natural frequencies with shaft diameter with bearings.
length and, therefore, the rotor mass is decreased the natural
frequency initially increases. However, when the active length
is reduced below 20 mm, the shaft starts to flex and the natural
frequency of this mode decreases.
As regards the shaft diameter, a larger diameter provides
greater axial strength and, hence, increases the natural frequen-
cies of all the bending modes. However, the shaft diameter will
ultimately be limited by the peripheral speed capability of the
bearings.
Fig. 22 shows the effect of varying the shaft diameters from
2 to 10 mm on the natural frequencies of the bearing modes and
the first bending mode, the active length of the rotor being 34.2
mm.
The second bending mode is not shown since it was not easily
discernible. As will be seen, as the shaft diameter is reduced,
initially there is a slight increase in the natural frequency of the
cylindrical bearing mode due to the reduction in the weight of
the shaft. However, as the shaft diameter is reduced further, the
natural frequency reduces as the shaft begins to flex and domi-
nate the mode shape. The variation of the natural frequency of
the conical mode is somewhat similar. As will be seen, a re-
duction in the shaft diameter causes a significant reduction in
the natural frequency of the first bending mode, as the shaft
becomes more flexible. This can be clearly seen in the mode
shapes of Fig. 23. With a shaft diameter of 10 mm, the charac-
teristic mode shapes of the cylindrical and conical modes can
clearly be observed. However, when the shaft diameter is re-
duced to 2 mm, deflection is due solely to the bending of the
shaft.
V. CONCLUSIONS
FEA and experimental measurements have been used to in-
vestigate the influence of the rotor geometry on its natural fre-
quencies. Where parameters were not available, effective values
have been established by ensuring that FEAs agree with mea-
surements. It is shown that the bearings introduce low-frequency
cylindrical and conical vibration modes which often fall within
the operating speed range of a motor. Investigations have also
shown the influence of leading parameters on the rotor natural
frequencies. It has been shown that the shaft extension has a
significant influence on the natural frequencies, and in order to
move rotor bending modes beyond the operating speed range
the shaft should be short and have a large diameter.
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Fig. 23. Mode shapes for various shaft diameters with bearings.
TABLE VIII
STAINLESS STEEL (AISI 303)
TABLE IX
LAMINATIONS (M300-35A)
TABLE X
SINTERED NdFeB MAGNETS (UGIMAX 34B)
TABLE XI
CARBON FIBER/EPOXY COMPOSITE
APPENDIX
MATERIAL PROPERTIES
See Tables VIII–XI.
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